We analyze the connection between structure and function for regulatory motifs associated with cellular uptake and usage of small molecules. Based on the boolean logic of the feedback we suggest four classes: the socialist, consumer, fashion, and collector motifs. We find that the socialist motif is good for homeostasis of a useful but potentially poisonous molecule, whereas the consumer motif is optimal for nutrition molecules. Accordingly, examples of these motifs are found in, respectively, the iron homeostasis system in various organisms and in the uptake of sugar molecules in bacteria. The remaining two motifs have no obvious analogs in small molecule regulation, but we illustrate their behavior using analogies to fashion and obesity. These extreme motifs could inspire construction of synthetic systems that exhibit bistable, history-dependent states, and homeostasis of flux (rather than concentration).
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homeostasis ͉ network motif ͉ regulation ͉ sugar uptake F eedback and biological regulation are two sides of the same coin, reflecting the need of the living cell to deal with changing environments, to generate cell to cell heterogeneity and to optimize cellular metabolism to a given external condition (1) (2) (3) (4) (5) (6) . The interplay between function and design of regulatory systems is a key issue in understanding cellular processes, and for engineering artificial biological circuits (7, 8) . In a few relatively simple biological circuits, like the genetic switch in phage lambda (9) , the connection between the regulatory logic and its biological function has been partially clarified. For larger scale regulatory networks, it has also been suggested that feed-forward motifs are associated with particular functions (10) . However, feedback loops are, in fact, the most common network motifs in cellular organization, especially when one considers the regulation of small molecules (11) , ranging from minerals to nutrients required for proper cellular function. A large class of cellular response systems are designed to regulate the flux and concentration of these molecules by controlling, via two feedback loops, the transport and metabolism pathways. Typically, these two loops are connected by a common transcriptional regulator that senses the concentration of the small molecule. In fact, almost half the transcription factors in Escherichia coli are directly regulated by a small molecule (12, 13 ).
Here we investigate the possible logical structures of such entangled loops involving small molecules and explicate, for these network motifs, a direct connection between structure and function of molecular regulation. There are four distinct logical structures for two entangled feedback loops, shown in Fig. 1 . Inspired by their functional behavior we label the first two the socialist and the consumer motifs. The former balances the influx (transport) and outflux (metabolism) preventing large variations in the concentration of the small molecule. The latter, in contrast, responds by maximizing both influx and outflux.
The other two logical structures, the fashion and collector motifs, display a behavior that is somewhat pathological, quite common in human behavior but less common in cells. The fashion motif attempts to increase influx when the molecule is rare, but decreases it when the molecule is abundant, reminiscent of human response to fashionable goods which are valued for their scarcity. The collector motif displays bistability and the ability to accumulate as much of the small molecule as it can, without consuming it: a seemingly senseless ''Uncle Scrooge'' strategy. Fig. 1 Left shows four possible combinations of entangled transport and metabolism feedback loops. In each case, the two feedback loops are connected by a transcriptional regulator (R) that senses the concentration of a particular small molecule (s). One loop regulates transcription of the transport proteins (T) facilitating the influx of the small molecule, while the other controls transcription of enzymes (E) responsible for the metabolism of s (see Fig. 2 for an illustration of the processes occurring in the cell for one of the motifs). In the scenario we consider, the number of regulators is typically smaller than the level of s, which in turn, is much smaller than the flux. ¶ Each loop can be characterized by a sign that denotes that the loop implements a positive (ϩ) or negative (Ϫ) feedback.
Four Combinations of Transport and Metabolic Feedback
ʈ In describing the logic of the entangled loop motifs, we use the notation of two signs, e.g., (ϩ Ϫ), which means that the transport loop is positive and the metabolism loop negative. Thus, there are four logical structures: the socialist (Ϫ Ϫ), the consumer (ϩ Ϫ), the fashion (Ϫ ϩ), and the collector (ϩ ϩ). Each can, in turn, be implemented in two distinct but logically equivalent ways, depending on whether s inhibits or activates R. This we denote using the notation (ϩ Ϫ i) or (ϩ Ϫ a), where the i (respectively, a) indicates inhibition (activation) of R by s. In Fig. 1 , we show only the a motifs, but our conclusions hold for the i motifs also [as shown in supporting information (SI) Text].
Results and Discussion
Functional Behavior of the Four Motifs. The plots in Fig. 1 show the steady state behavior of s and the influx T as a function of , which is a measure of the amount of extracellular s. The plots are produced by solving the differential equations describing the temporal dynamics of s, E and T (see Materials and Methods). The black line in each plot shows the ''standard'' case where the two loops are equally strong.
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This article is a PNAS Direct Submission. ‡ To whom correspondence should be addressed. E-mail: sandeep@nbi.dk. ¶ For iron regulation in E. coli, we estimate a ␥ of Ϸ100 (14) (␥ is the rate of consumption of the small molecule by one unit of metabolic enzyme). For nutritional molecules like galactose and lactose (15) , the estimate is much higher. We use ␥ ϭ 100, but increasing it does not change any of our conclusions.
ʈ Note that a positive metabolism loop does not mean an increase of the metabolic rate with increase of s. Rather, it means exactly the opposite: an increase of s leads to a decrease of the metabolic rate, hence there is a positive feedback of the s level onto itself.
with . Thus, this motif keeps s relatively insensitive to changes in extracellular conditions. The (ϩ Ϫ) motif shows a linear dependence of s on . The influx however can increase and decrease faster than linearly as is changed, due to the positive feedback in the T loop. The result is a rapid opening of both the transport and consumption channels as soon as the small molecule is detected extracellularly. Thus the function of the (ϩ Ϫ) motif is to maximize both the influx and outflux of s.
The most striking feature of the (Ϫ ϩ) motif is that the f lux increases linearly at small but then decreases at higher values, and subsequently again increases at even higher . This motif therefore has a broad range of values where the f lux does not increase, whereas the amount of intracellular s increases substantially.
The (ϩ ϩ) motif produces robust bistability, as illustrated by the hysteretic behavior. The large s branch of the hysteretic curves have the characteristic that E Ϸ 0 and therefore the level of s is about as large as the total flux. Thus, this motif is the one, among all of the entangled loop motifs, that can give the highest concentration of intracellular s.
These steady-state properties capture the main functional behavior of the four motifs. Their dynamical response to perturbations in the external small molecule concentration, examined in the supplementary material, can also be inferred from the steady-state behavior. Essentially, even for moderate-sized perturbations, the new steady state is reached in around one unit of time, and the motifs respond faster when the steady-state level of E is higher (see SI Fig. 5) . A linear stability analysis reconfirms this overall fast response, except the slowing down close to the onset of bistability in the collector motif (see SI Fig. 4 ).
In the subsequent sections, we discuss the relevance of the motifs in various contexts.
The Socialist Motif. We call the (Ϫ Ϫ) motif the socialist because at low levels of extracellular s (low ) it increases transport and reduces the metabolism, whereas at high levels of extracellular s, it does the opposite. Thus, the two negative feedback loops help maintain s robustly within a small concentration range. Such behavior would be ideal for a system responsible for maintaining homeostasis. And indeed, a regulatory system with this logic is found in the iron homeostasis system in mammals (16): iron activates the Ferric uptake regulator (Fur), which represses transcription initiation of iron uptake genes, and enhances production of iron-using proteins. For most organisms, iron is essential for several proteins, but is poisonous at high concentrations. There, the (Ϫ Ϫ) motif maintains the loosely bound iron within a narrow concentration range, and at the same time allows a high consumption of iron molecules by certain proteins that bind iron strongly.
The Consumer Motif. The (ϩ Ϫ) motif we term the consumer, because any amount of extracellular small molecule results in the increase of both transport and metabolism. Thus, it is ideal for food molecules. This logic is, in fact, typical for sugar transport and metabolism in prokaryotes. The gal (17) and lac (18, 15) operons in E. coli are the most well studied of such systems. They both use the sugar molecule to inhibit the transcription factor regulating transport and metabolism, the (ϩ Ϫ i) motif. In contrast, maltose (19) and arabinose (20) work by activating the regulation of transport and metabolism, the (ϩ Ϫ a) motif. In the natural systems, transport and metabolic genes can be part of a single operon (K E ϭ K T ), as in lac (18) , or separate operons, as in gal (17) . The latter arrangement allows noncoordinated regulation of transport and metabolism and therefore can be engineered to become bistable. This was also demonstrated by experiments on modified lactose and arabinose systems (6, 21) , where the accompanying negative feedback loop was eliminated by inactivating E or using a nonmetabolizable analogue of s, in agreement with our predictions from a similar cutting of the metabolic loop in Fig. 1 . Another consumer system is associated with the uptake and processing of the quorum sensing molecule AI-2 in E. coli (22) , a context where the maximization of the influx prevents accumulation of external AI-2 and, hence, oversaturation of the quorum sensing abilities of the population.
The Fashion Motif. As the motif (Ϫ ϩ) is indeed the opposite of the consumer motif, both logically and functionally, it is not surprising that we have not found any simple example of it in the regulation of small molecules in living cells. However, its behavior (and the reason we call it the fashion motif) can be illustrated in terms of a market model for a product which is desirable in small amounts. In such a scenario, the resource, s, is analogous to a fashion product, E to the consumers, and T to the producers. R can be considered the value of the product, measured in terms of how much people desire it. When there is plenty of the product s in the market, its value R decreases, which in turn decreases its consumption (a positive metabolism feedback loop) as well as the desire amongst producers to make more of it (a negative transport feedback loop), making it a (Ϫ ϩ) motif. The nonmonotonicity of the flux of the fashion motif 
values (see Materials and Methods).
The red curve shows the behavior when only the transport loop is active, i.e., E ϭ 1. The blue curve is produced by keeping T ϭ 1, i.e., only the metabolism loop is active. The plots were made by two sweeps of the value of , the first from 0.1 to 1,000, and the second from 1,000 back to 0.1. At each value, we start E, T, and s concentrations at the previous steady-state values, and then integrate the equations until a new steady state is reached. Thus, for each , the plots contain information from two simulations, one starting from a lower value of s, the other from a higher. For systems where there is no bistability, the s and flux vs. curves for the two sweeps are identical. However, where there is some bistability, the two curves differ, i.e., they show hysterisis.
translates in this analogy to a saturation of the market when a fashion product becomes too abundant: Fashion products are most profitable when their availability is below a certain threshold. When the fashion motif is supplemented with a positive feedback of R to itself, the collapse of fashion goods can occur with a remarkably small change in external supply (see SI Text), which is reminiscent of fashion ''bubbles'' in society (23) . Although the fashion motif does not make much rational sense for small molecule response systems, it may be seen as a mechanism for coherent behavior in social organization.
The Collector Motif. The collector motif (ϩ ϩ) is the logical opposite of the (Ϫ Ϫ) motif. Functionally, it allows accumulation of a large amount of s, and is thus also functionally opposite to the socialist motif. Accumulation could be important for short periods of time, for instance, when an animal is preparing for hibernation. However, in such cases, the (ϩ ϩ) motif should eventually be overridden by another system that starts the consumption of the molecule. Such double-positive feedback loops may be found in transcription regulatory networks and circuits involved in development and cell differentiation, but we failed to find any examples of them in small molecule regulation. Turning to a human analogy, the collector motif can be illustrated by making an analogy between s and the weight of a person. Then this weight increases with the intake of food (the analog of transport), and is consumed by exercise (the analog of metabolism). In this analogy, R represents the internal ''state'' of the person, his or her mindset. An increase in a person's weight, s, increases, via this internal state, their likelihood to eat more (positive transport feedback loop) and also decreases their chance to exercise (positive metabolism feedback loop) thus forming a collector motif. The bistable behavior of the collector motif would then contribute to a broadening of the weight distribution in human populations (U.S. EPA Exposure Factors Handbook, 1997, www.epa.gov/ncea/efh/). Sensitivity to Noise. The sensitivity of these motifs to noise, quantified by the time it takes the system to respond to a small pertubation (SI Fig. 4) , is primarily governed by the sign of the feedback. Noise would be more important where the response time is slower, but in general would not change the reported behavior except in bistable regions. In real systems, the importance of noise also depends on the number of molecules. In the Fe system, for example, the actual number of Fe 2ϩ ions in the cell is Ϸ10,000, whereas the number of regulator molecules is Ϸ5,000 (14); therefore, the noise due to random occurrence of chemical reactions and binding events would be very small. In sugar systems, the noise can be larger because regulator numbers are smaller. Nevertheless, because the consumer system is quite stable, the effect of noise is unlikely to change the behavior much.
Experimental Perspective. Although the first two motifs make functional sense for small molecule regulation and there are many examples of them in microbiology, the fashion and the collector motifs do not exist alone. However, these motifs may be good candidates for synthetic circuits, in particular the collector motif, which exhibits extreme bistability and hysteresis that can be used as an epigenetic memory based on small molecule levels. A synthetic collector circuit could, for example, be engineered using dual-function regulators, e.g., GalR (17), AraC (20) , BetI (24, 25) , MerR (26) , which would activate transport and repress the metabolic genes in the presence of the small molecule. Our theoretical analysis shows that such an artificial circuit would accumulate the small molecule extensively during good times, and also that it would store this molecule for several generations after the source has dried out.
The fashion motif could also be synthetically constructed, for example, by modifying tryptophan regulation (27) . TrpR, activated by tryptophan, usually represses transport and the biosynthetic genes which synthesize tryptophan. If the biosynthetic genes were replaced by the tryptophanase gene which degrades tryptophan (28) , the resulting circuit would implement the fashion motif. Our analysis predicts that such a circuit would maintain a relatively stable flux of tryptophan over a broad range of extra-and intracellular levels of tryptophan.
Concluding Remarks
Having described the behavior of two-loop motifs we finally compare their behavior with that of single loops, and also address the question of combining multiple feedback loops. This motif is found in the regulation of uptake and metabolism of, for example, maltose and arabinose (19, 20) . and s denote, respectively, extra-and intracellular concentrations of the small molecule. The molecule binds to the regulator, R, forming the complex {Rs}, which activates production of transport proteins, T, and metabolic enzymes, E. ␥ is a parameter controlling the metabolic rate per enzyme (see
Materials and Methods).
Steady-State Behavior of Single Feedback Loops. The qualitative features of two-loop motifs are robust to a weakening of one or the other loop (see SI Text). However, when one loop is weakened so much that the motif is reduced to essentially a single loop the behavior can be quite different. To quantify this, we removed one of the feedback loops in each of the motifs, cutting the link between R and either T or E, by fixing T ϭ 1 or E ϭ 1. Thus (1 Ϫ) means that we set T ϭ 1 while keeping regulation of E identical to its regulation in the full motif, which for example may be (Ϫ Ϫ). For each motif in Fig. 1 , the blue curve shows the behavior for the constant T case (i.e., only the metabolic loop operates), whereas the red curve shows the behavior for the constant E case (only the transport loop operates). In general, a negative E loop (1 Ϫ) is capable of constraining s levels at low , whereas a negative T loop (Ϫ 1) constrains s at high . A positive T loop (ϩ 1) produces bistability in s and the flux. A positive E loop (1 ϩ), on the other hand, produces a weaker bistability only in s.
Two-Loop Motifs Are
More than the Sum of their Single Loops. In Fig.  3 , we summarize the main behavioural features of two-loop motifs and their constituent single loops. The near constant value of s in (Ϫ Ϫ) comes from the (1 Ϫ) ability to constrain s for low , and the (Ϫ 1) ability to constrain s at high . Thus the functionality of (Ϫ Ϫ) is dominated by the submotif that best prevents large variation of s and flux. The (ϩ Ϫ) obtains a steady increase in s and a step like increase in flux with by using the (1 Ϫ) motif's ability to ''smooth out'' the bistability associated to the (ϩ 1) motif. The (Ϫ ϩ) motif exhibits a remarkable nonmonotonic behavior of flux, which cannot be obtained from any of the submotifs. The (ϩ ϩ) motif maximizes bistability, by extending it to the extreme of the two bistable regions of its submotifs. The width of this large bistable region mostly depends on K T , whereas the enzyme regulation K E affects its position (see SI Text). Overall, we find that whole two-loop motifs are more than a simple sum of their parts.
Self-Regulation. In the regulation of several sugars, such as lactose (29), galactose (30) , and arabinose (20) , the main regulator is known to regulate its own activity in addition to transport and metabolism. This action of R on itself is the simplest addition to our two-loop motifs. In supplementary material we explore the effects of such self-regulation for each of the motifs. The main effect of self-activation of R is to enhance the tendency to produce bistable behavior of fluxes, whereas self-repression reduces the signaling from s across the regulator R.
Going Beyond Two Loops. Our analysis of two entangled feedback loops creates a framework for analyzing small molecule regulatory circuits composed of multiple entangled feedback loops. For instance, the regulation of iron in E. coli, although being dominated by interactions that form a socialist motif (14, 31) , also contains a positive feedback on the metabolism side involving usage of iron in FeS clusters (32) . Preliminary investigation (data not shown) suggests that two metabolism loops, connected like this in ''parallel'' (as opposed to the ''series'' connection between a transport and metabolism loop), are additive in behavior. Due to this additiveness, iron regulation in E. coli is able to minimize variation of both the concentration of iron (a property of the socialist part) as well as the flux (a property of the fashion part) (14) . It remains for future work to examine design principles for combinations of parallel and serially connected feedback loops.
Materials and Methods
In all of the motifs of Fig. 1 we track the concentrations E, T, and s. The dynamics of s is given by ds dt ϭ T Ϫ ␥Es Ϫ s.
[1]
The first term models the transport rate. The rate of transport of s per T protein, , is a measure of extracellular s. The next term models the metabolism of s by the E proteins, with ␥ parametrizing the speed of the consumption. The last term represents dilution of s due to cell growth. We have chosen the units of time to be one cell generation, and will assume this is much smaller than the metabolic consumption rate per E protein.
We assume that R and s interact by forming a complex, and that this complex is in equilibrium at all times. † † Then the concentrations of free and bound R are † † In the Lac system, the association and dissociation of the lactose-LacI complex have been measured to be occurring on a time scale faster than a second (33, 34) , which is much faster than transcription, translation and degradation processes. In the iron system, the Fe-Fur complex has a KD Ϸ 20 M (14). Association and dissociation rates have not been separately measured, but assuming that association is diffusion limited, we would get a dissociation time scale of milliseconds, which is also much faster than other processes. Therefore, we believe the assumption of equilibrium is reasonable. 
